Abstract-A sufficient condition for the almost global stability of nonlinear switched systems under average dwell time restriction is obtained. This condition is derived leaning upon the existence of multiple Lyapunov densities, which are associated to subsystems and satisfy some compatibility conditions. An upper bound for the average dwell time that ensures almost global stability is obtained.
I. INTRODUCTION
Solutions of a nonlinear system may be attracting for almost all initial states without exhibiting global asymptotic stability. Such a situation may take place due to the structure of the state space [1] or due to some degenericity in dynamics [2] . This property, that goes by the name almost global stability or almost everywhere stability, has been under consideration of the systems and control community after the introduction of dual Lyapunov theorem by Rantzer [3] . Rantzer's theorem provides a characterization of almost global stability by the existence of a density function, mostly called Lyapunov density. Lyapunov densities have been studied for the analysis of dynamical systems [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , for the design of control systems [13] , [2] , [14] , [15] , [16] , [17] , [18] , and for safety verification [19] . Various generalizations of Rantzer's theorem appeared in literature, for example to discrete-time systems [6] , to discontinuous systems [20] , to smoothly time-varying systems [21] , [22] and to stochastic systems [23] . Recently, we have studied the extension of Rantzer's theorem to nonlinear switched systems and obtained sufficient conditions for the almost global stability of nonlinear switched systems based on the existence of multiple Lyapunov densities and a minimum dwell time condition [24] .
In this work, we continue with this line of research and obtain a sufficient condition for the almost global stability of nonlinear switched systems with average dwell time. While the dwell time condition in [24] can be characterized by the maximum cycle ratio of a doubly-weighted complete digpraph, the average dwell time condition obtained in this work can be characterized by the maximum cycle mean. Fast algorithms for finding the maximum cycle ratio and maximum cycle mean exist in literature which can be used even if the number of subsystems is large.
For simplicity, we consider the almost global stability of a common equilibrium. However, same results directly apply if a common invariant set is considered and the Lipschitz condition is assumed in the vicinity of the invariant set.
The technique of proof of the main result is similar to the proof in our earlier work [24] for switched system under dwell time constraints. However, instead of considering discretization and using sufficient conditions for the almost global stability of discrete-time systems, we apply directly a sufficient condition (Lemma 2) for the almost global stability of continuous-time systems. This approach facilitates the derivation of the average dwell condition for the almost global stability.
The organization of the paper is as follows: Section II contains some preliminaries on the almost global stability of autonomous systems and switched systems. Section III states the main result of the paper, which is proven in Section IV using the theory of transfer operators of nonlinear systems, namely the Frobenius-Perron and Koopman operators.
II. PRELIMINARIES

A. Almost Global Stability of Autonomous Systems
We consider the autonomous systeṁ
where f : R n → R n is continuously differentiable and f (0) = 0. Almost global stability of (1), namely the convergence of almost all solutions of (1) to 0 can be characterized by the following version of Rantzer's theorem.
Proposition 1 ( [24] ): Assume that there exists a nonnegative, continuously differentiable function ρ : R n \{0} → R satisfying
Then, for almost every initial state x 0 ∈ R n , a forwardcomplete solution x : R ≥0 → R n of (1) with x(0) = x 0 exists and converges to 0 as t → ∞. Proposition 1 is different from Rantzer's original theorem only by the assumption of integrability of (1 + f (x) )ρ(x) replacing the integrability of f (x) ρ(x)/ x in Rantzer's theorem. We use the former assumption as it implies the integrability of ρ(x), which is used to achieve almost global stability of switched systems.
B. Almost Global Stability of Nonlinear Switched Systems
Consider a nonlinear switched system with D subsystemṡ
where S is a set of admissible switching signals (rightcontinuous, piecewise constant functions) σ : [0, ∞) → {1, 2, ..., D}. We either consider S = S dwell [τ ], the set of switching signals satisfying the dwell time condition
where t k is the k'th switching instant, or we consider S = S average [τ ], the set of switching signals satisfying the average dwell time condition
where N (t) is the number of switchings before time t and N 0 is a nonnegative integer called the chattering bound. We assume that each subsystem vector field f i : R n → R n is continuously differentiable and has an equilibrium at the origin, i.e.,
Definition 1 (Almost global stability): We say that the system (2) is almost globally stable if for each switching signal σ ∈ S, a solution of (2) exists for all t ≥ 0 and converges to 0 for almost every initial state.
The following theorem provides a sufficient condition for the almost global stability of (1) 
Consider the switched system (1). Suppose that for each p ∈ {1, 2, . . . , D}, there exist a constant κ p > 0 and a non-negative, continuously differentiable function ρ p : R n \ {0} → R, such that
Suppose also that the functions ρ p , p ∈ {1, . . . , D} satisfy the following compatibility condition
Then, the system (2) for S = S dwell [τ ] is almost globally stable for any
Note that the definition τ min in (6) is equivalent to the maximum cycle ratio of a doubly weighted complete graph and hence can be computed using the fast algorithms available in literature [25] (see Remark 2 in [24] ).
III. MAIN RESULT
We now present a sufficient condition for the almost global stability of (2) for S = S average [τ ].
Theorem 2: Consider the switched system (2). Suppose that there exists a constant κ > 0, and for each p ∈ {1, 2, . . . , D}, there exists a non-negative, continuously differentiable function ρ p : R n \ {0} → R, such that
Then, the system (2) for S = S average [τ ] is almost globally stable for any
(10) It can be seen that the assumptions of Theorem 2 implies the assumptions of Theorem 1 with the same constants c pm and with κ ≡ κ p . Therefore, for a given switched system, the average dwell time found by (10) is larger than or equal to the minimum dwell time found by (6) . This is in unison with the fact that the average dwell time condition is a relaxation of the dwell time condition.
Remark 1: Note that the expression of τ ave in (6) is equivalent to the so-called maximum cycle mean of weighted digraphs [26] for which fast algorithms exist [25] 1 . More precisely, let G = {V, E, ω} be a weighted digraph where V := {1, . . . , D} is the set of vertices, E V × V is the set of directed edges and ω : E → R is the weight function defined as ω((i, j)) = ln c ij (see Figure III for 
L .
Let C be the set of all simple cycles in G. The maximum cycle mean of G is defined as 
In particular, for bimodal systems, the average dwell time condition (6) can be written as τ > τ ave := ln c 12 + ln c 21 2κ . (12) Remark 2: It is straightforward to extend the results in Theorem 1 and Theorem 2 to the case where switchings between subsystems are subject to a given digraph. In this case, we consider the same digraph G = {V, E, ω} as in Remark 1 with a restricted set of edges E V × V. Consequently, τ ave can be calculated by (11) with ν max computed for the restrcted digraph G.
Example 1: Consider a switched system with D = 3 with subsystems given as follows:
Assume that
5 . In the fully connected graph (see G 1 in Figure III) , then there are five simple cycles: C (12) , C (13) , C (23) , C (123) and C (321) . Corresponding cycle means are ν(C (12) ) = ν(C (13) ) = 
IV. PROOF OF THE MAIN RESULT
Global transfer operators of nonlinear systems, namely the Frobenius-Perron operator and the Koopman operator will be used for the proof of the main result. These operators are defined on M(R n ), the set of equivalence classes of measurable functions where two functions are assumed to be equal if they agree on a set of full Lebesgue measure.
Let us consider first the autonomous system (1) and assume that almost all solutions exist in forward time, which can be ensured, for instance, by the assumptions of Proposition 1. In this case, we can consider the semigroup of Frobenius-Perron operators
where Φ t , t ≥ 0 denote time-t solution maps of (1), V is an arbitrary measurable set and Φ −1 t (V ) denotes the inverse image of V under the map Φ t . Similarly, the semigroup of Koopman operators {U (t) } t≥0 can be defined on M(R n ) via
Let us define g, ρ := R n gρdx. Duality between P (t) and U (t) is expressed by U (t) g, ρ = g, P (t) ρ . Note that we allow both sides of the duality equation to be infinite (see [27] , [28] for more details on transfer operators).
Consider now the switched system (2) and assume that, for any σ ∈ S, almost all solutions exist in forward time. For a switching signal σ(t), the semigroup of FrobeniusPerron operators {P (t) (σ)} t≥0 and the semigroup of Koopman operators {U (t) (σ)} t≥0 can be defined as above. For t ∈ [t N , t N +1 ), P (t) (σ) and U (t) (σ) satisfy
are Frobenius-Perron and Koopman operators of the i'th subsystem, respectively. Let B(ε) := {x ∈ R n | x < ε} and 1 V denote the characteristic function of V .
Lemma 1: Assume that almost all solutions of the switched system (2) exist in forward time for all σ ∈ S. Then (2) is almost globally stable if and only if, for each σ ∈ S,
The (occupation) measure µ x (E) provides the length of the time that the solution curve Φ t (x) starting at x stays in the set E. Here, proof by contradiction is used to show that the contrapositive statement for a fixed x is true, i.e., µ x (B(ε)
c ) < ∞ and lim t→∞ Φ t (x) = 0. Then, by the second assumption there exists ε such that for all t > 0,
c for all t > T . Hence, µ x (B c ε/2 ) = ∞, which is a contradiction. Subsequently, construct the sequences
c . With the help of continuity of the solutions, we can construct the following sequences
which is a contradiction. This proves that lim t→∞ Φ t (x) = 0 if µ x (B(ε) c ) < ∞ for every ε > 0. Consider a sequence {ε n > 0} → 0. For every ε n , define the sets N εn := {x|µ x (B(ε n ) c ) = ∞} and N := ∪ n N εn . N has zero measure, since it is countable union of zero measure sets. The set S = {x|µ x (B(ε) c ) = ∞, for some ε > 0} ⊂ N , since for any ε > 0 there exists a sufficiently large n such that N ⊃ N εn ⊃ N ε . Thus, S has zero measure. Hence, lim t→∞ Φ t (x) = 0 for almost every x.
(Necessity) If the switched system (2) is almost globally stable, then lim t→∞ Φ t (x) = 0 for almost everywhere x. Then, for every ε > 0, for almost every x there exists
. This implies that, for every ε > 0, µ x (B(ε) c ) < ∞ for almost every x. Lemma 2: The switched system (2) is almost globally stable if, for every σ(t) ∈ S, there exists an almost everywhere positive function ρ ∈ M(R n ) such that
is integrable on B c ε , for every ε > 0 Proof: Using duality and Tonelli's theorem with Lebesgue measure on time variable,
Since ρ is positive almost everywhere,
Lemma 3 ( [24] ): For a continuously differentiable vector field f : R n → R n with f (0) = 0, suppose that almost all solutions ofẋ = f (x) exist for all t > 0. Assume that there exist a constant κ > 0 and a non-negative, continuously differentiable function ρ : R n \ {0} → R such that
• ρ(x) is integrable away from 0, and • ∇ · (ρf ) ≥ κρ. Then, for all t > 0,
We can now state the proof of the main result. Proof: [Theorem 2] Define the index of the subsystem which is active for t ∈ [t k−1 , t k ) as p k and time duration of kth switching as ∆t k = t k − t k−1 for k ≥ 1. For simplicity, assume that t 0 = 0. Using Lemma 3 and assumptions in Theorem 2, for t ∈ [t N , t N +1 )
where ρ max (x) = max i∈{1,2,...,D} ρ i (x). Consequently, we have
where N (t) is the number of switchings before time t. Since ρ max is independent of t and N (t) is constant for t ∈ [t N , t N +1 ), we obtain
After replacing the upper bound of the last integral by infinity, we have
where a N = −κt N + N i=0 ln c pipi+1 . Now, we will show that the sum in (13) is finite, if the average dwell time satisfies
Using the definition of the average dwell time, we have
ln c pipi+1 where A = e κτ N0 /(1 − e −κ(τ −τ ave) ). Since the integral on the left-hand side is finite, the switched system with τ > τ ave is stable by Lemma 2.
The average dwell time condition can be relaxed by defining new Lyapunov densities ρ i = β i ρ i for each subsystem, where β i > 0. After this transformation, new compatibility conditions are satisfied with c ij = βi βj c ij . Since β i 's are arbitrary, they can be chosen so as to minimize τ ave in (14) , which concludes the proof.
V. CONCLUSION AND DISCUSSION
A sufficient condition for the almost global stability of nonlinear switched systems with average dwell time has been presented. The proof leans upon the properties of two global transfer operator of nonlinear systems: the Frobenius-Perron and the Koopman operators. We have shown that the average dwell time corresponds to maximum cycle mean of weighted digraphs for which there exist efficient algorithms.
Two possible directions of research can be considered. The first one is a controller design algorithm for systems with the average dwell time restrictions, which can be based on the almost global stabilization of nonlinear switched control systems. The second direction is the study of other restricted classes of switching signals, such as switching signals with mode-dependent [29] and edge-dependent [30] average dwell time.
